Abstract. We give a new construction of a weak form of Steenrod operations for Chow groups modulo a prime number p for a certain class of varieties. This class contains projective homogeneous varieties which are either split or over a field admitting some form of resolution of singularities, for example any field of characteristic not p. These reduced Steenrod operations are sufficient for some applications to the theory of quadratic forms.
Introduction
The Steenrod operations have first been introduced in algebraic topology, in the late forties. These are operations on the modulo p cohomology of topological spaces. Steenrod, Serre, Borel and others used them to prove results in algebraic topology, especially obstructions to the existence of bundles and maps. These operations have been later used in a different way, in the context of the Adams spectral sequence or of the Sullivan conjecture.
Fifty years after Steenrod original construction, the operations appeared in algebraic geometry, and were quickly used to study projective homogeneous varieties, or by Voevodsky to prove the Milnor (and Bloch-Kato) conjecture.
Unfortunately, there is no construction of Steenrod operations modulo p which works over a field of characteristic p. As a result, many important questions regarding projective homogeneous varieties remain open for certain values of the characteristic of the base field. For example, some of deepest theorems on quadratic forms are unknown when the base field has characteristic two.
Constructions of Steenrod operations for Chow groups modulo a prime number p are described in the papers [Boi08, Bro03, EKM08, Voe03] . They all involve considering the action of the cyclic group of order p on the product of p copies of a given scheme, as did the original construction of Steenrod. This kind of approach fails over a field of characteristic p.
Over a field of characteristic zero, Steenrod operations may be constructed using techniques related to algebraic cobordism, as in [Lev07] . As explained in [LM07, Remark 1.2.20] or [LP09, § 2.7], both resolution of singularities and the weak factorization theorem of [AKMW02] are needed to compute the cobordism ring of a point, and to prove the expected universality property of the Chow group among theories whose formal group law is additive. This accounts for the restriction to base fields of characteristic zero.
When X is a projective homogeneous variety over a field F (under a semi-simple algebraic group), and F /F a field extension splitting X, the subgroup of the Chow group modulo p of X × Spec(F ) Spec(F ) which consists of the cycles defined over F is the reduced Chow group of X. A weak version of Steenrod operations, when they exist, are the reduced Steenrod operations, that is, the operations induced at the level of reduced Chow groups.
Steenrod operations have been used as mean of producing new algebraic cycles, especially on the square of a given projective homogeneous variety, thus providing a motivic decomposition of this variety. Thanks to the Rost nilpotence theorem, the same result can be achieved using only reduced Steenrod operations. For example, it is explained in [Hau] that reduced Steenrod operations are sufficient to prove statements such as Hoffmann's Conjecture on the possible values of the first Witt index of quadratic forms. However some subtler results do not seem to follow from the existence of reduced Steenrod operations, for example the classical degree formula and its consequences, or [Ros06, Theorem 9 .1] about Rost correspondences.
One of the purposes of this paper is to show that, in order to construct reduced Steenrod operations, one does not need the weak factorization theorem, nor any explicit restriction on the characteristic of the base field. This contrasts with all known constructions of these operations. We still need some kind of desingularization procedure (a pro-p version of resolution of singularities suffices).
Given a split projective homogeneous variety over an arbitrary field, we build homological Steenrod operations on the Chow group (modulo a prime integer p) of the variety, satisfying the expected functoriality properties. Of course, one wants rather to study non-split projective homogeneous varieties, and one cannot expect to derive deep results from this construction. However this reduces the question of constructing reduced Steenrod operations to the question of showing that a certain well-defined operation on the Chow group of a projective homogeneous variety, with scalars extended to a splitting field, preserves rationality of cycles. This suggests that constructing the reduced form of Steenrod operations might be easier in general.
If the base field admits p-resolution of singularities (Definition 5.5), we show that the homological Steenrod operations that we have constructed over a splitting field send rational cycles to rational cycles. Therefore we get the reduced Steenrod operations.
In 1966, Atiyah published a paper, [Ati66] , where Adams operations are reconstructed using equivariant K-theory, following a pattern very similar to Steenrod construction of its operations. When a finite CW-complex has no torsion in its singular cohomology, then the latter coincides with the graded group associated with the skeletal filtration in K-theory. Atiyah explains how to recover Steenrod operations in cohomology from Adams operations in K-theory, under this (very restrictive) assumption of absence of torsion.
The basic idea of the present paper is to translate some of Atiyah's constructions for topological K-theory of finite CW-complexes to the setting of algebraic geometry. Adams operations are defined on the (cohomological) K-theory of vector bundles, and the topological filtration on the (homological) K-theory of coherent sheaves. But the two theories coincide on regular schemes, and interesting phenomena can be expected to happen from the interaction of these two notions. A precise statement is given in Theorem 6.2.
We believe that Section 4 can provide good preview of the techniques used here. Some divisibilities of characteristic numbers (for example the fact that the Segre number of a smooth projective variety is divisible by two) are usually established using Steenrod operations. We show in this section how these divisibilities follow from the Adams-Riemann-Roch theorem, therefore proving them over fields of arbitrary characteristic.
In the last section, we explain how the results obtained here can be used to prove a degree formula. This generalizes a formula of [Zai10] , when the base field admits p-resolution of singularities. It is quite surprising that we can recover this formula, since [Zai10] uses in an essential way the non-reduced Steenrod operations, via Rost's degree formula.
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Notations
The letter p will denote a prime integer, unless otherwise specified. When a is a rational number, the integer [a] is defined as the greatest integer ≤ a.
If F is a functor from a category C to the category of commutative rings, we denote by F × the induced functor with values in the category of abelian groups, where for an object C ∈ C, the group F × (C) is the multiplicative group of the ring F (C).
Varieties. A variety is a separated quasi-projective scheme of finite type over a field, which need not be irreducible nor reduced. All schemes considered here will be assumed to be varieties. A regular variety is a variety whose local rings are all regular local rings.
A local complete intersection morphism f : X → Y is a morphism which can be factored as a regular closed embedding c, followed by a smooth morphism s. If c has normal bundle N c , and s has tangent bundle T s , then the virtual tangent bundle of f is defined as
. By point we shall denote the spectrum of the base field. We say that a variety X is a local complete intersection when its structural morphism x : X → point is a local complete intersection morphism. Its virtual tangent bundle T X is the virtual tangent bundle of x.
Grothendieck group of coherent sheaves. Let X be a variety. We shall write K 0 (X) for the Grothendieck group of coherent O X -sheaves. A sheaf F has a class [F ] ∈ K 0 (X). Projective morphisms induce push-forwards, and flat morphisms or regular closed embeddings induce pull-backs.
Topological filtration. The group K 0 (X) is endowed with a topological filtra-
This filtration is compatible with projective push-forwards and pull-backs along flat morphisms or regular closed embeddings ([Gil05, Theorem 83]). The associated graded group shall be denoted by gr
Grothendieck ring of vector bundles. For a variety X, we shall write K 0 (X) for its Grothendieck ring of vector bundles. A vector bundle E on X has a class
] is an isomorphism when the variety X is regular ([FL85, Chapter VI, Proposition 3.1]). We shall therefore sometimes identify the two Grothendieck groups for regular varieties.
When X is connected, K 0 (X) is equipped with an augmentation rank :
Gamma filtration. The group K 0 (X) is endowed with the gamma filtration
The gamma filtration is compatible with pull-backs, products, and we have
We shall write gr
for the associated graded ring. It acts on the graded group gr
Chern classes. The presheaves K 0 and gr γ K 0 are equipped with Chern classes (see [Kar98, § 2] where the category of smooth varieties is considered; the same construction works for the category of arbitrary varieties). We shall use the following formula for the first Chern class of a line bundle L on a variety X (the sheaf L ∨ being the dual of L) :
This element belongs to F 1 γ K 0 (X), hence is nilpotent by (1).
Bott's Class
Let L be a line bundle on a variety X. The element
Using the Chern classes and the splitting principle, we see that there is a unique morphism of presheaves of groups
In the terminology of [Pan04] , θ p is the inverse Todd genus of the p-th Adams operation.
We also consider the unique morphism of presheaves of groups
Note that this is -up to a sign -the total Chern class homomorphism when p = 2. The grading on gr γ K 0 allows us to define individual components
Finally, using the Chern classes c i with values in Chow groups, we can consider the unique morphism of presheaves of groups
, we shall sometimes denote the same way the endomorphism w CH,p (x) of CH(X) and the element w CH,p (x)[X] ∈ CH(X), and similarly for Chern classes.
Proposition 2.1. Let X be a connected variety, and e ∈ K 0 (X). Then there exists elements e k ∈ F
Moreover, the element e k can be chosen so that we have in gr
Proof. It is easy to see that there exists a polynomial T p , with integral coefficients, such that we have, for any line bundle L,
The statement can then be deduced from the comparison of this formula with (3), using the splitting principle (and (1)).
Topological filtration and Chow group
For every variety X, there is a homomorphism of graded groups
sending the class of a k-dimensional closed subvariety Z of X to the class of its structure sheaf
. We record here some properties of this map that will be useful in the sequel. We now prove (iii). Let X ֒→ Y be a regular closed embedding with normal bundle N. The map σ 
. Let Z ֒→ Y be a closed embedding. The normal cone C of the induced closed embedding Z ∩ X ֒→ Z can be viewed as a closed subvariety of N. We claim that
This is immediate if one uses the definitions of [Ful98] for the deformation homomorphisms. Otherwise, the first formula is [EKM08, Proposition 52.7], while the second one can be obtained with the same proof. It follows that
Since pull-backs along local complete intersection morphisms are constructed out of deformation homomorphisms and flat pull-backs in both theories ([Gil05, Proposition 86] and [EKM08, §55.A]) we see that ϕ is compatible with pull-backs along local complete intersection morphisms. This proves (iii).
It remains to prove the second part of (vi), which is done in [Ful98, Example 15.3.6] under the additional hypothesis that X is smooth. When X is arbitrary, we will provide a left inverse of ϕ X ⊗ Q.
In [Ful98, Theorem 18 .3], a natural transformation
of functors from the category of varieties and proper morphisms to the category of abelian groups is constructed. Consider both on K 0 (X) and on CH(X) ⊗ Q the filtration whose k-term is generated by i * K 0 (Z) and i * CH(Z) ⊗ Q for all closed embeddings i : Z ֒→ X with dim Z ≤ k. The associated graded groups are gr • K 0 (X) and CH • (X) ⊗ Q, and since τ commutes with push-forwards, it induces a morphism of graded abelian groups
It is also proven in [Ful98, Theorem 18 .3] that, for a closed k-dimensional subvariety Z of X, we have
Divisibility of some characteristic numbers
In this section we prove a result of independent interest about some characteristic numbers of varieties over an arbitrary field. This may provide some motivation for the sequel, see Remark 4.2 below. When X is a projective variety we consider the degree morphism
where the first map is the push-forward along the structural morphism. Since the map ϕ : CH • → gr • K 0 is compatible with proper push-forwards (Proposition 3.1, (i)), and respects the isomorphisms K 0 (point) → Z and CH(point) → Z, we have a commutative diagram
deg v v n n n n n n n n n n n n n n Z Proposition 4.1. Let p be a prime number. Let X be a connected projective local complete intersection variety of positive dimension k(p − 1), with virtual tangent bundle T X ∈ K 0 (X). Then the degree of the class w
Proof. We apply the Adams Riemann-Roch theorem with denominators ([FL85, Chapter V, Theorem 7.6]) to the structural morphism X → point. This gives a commutative diagram
In particular
Let K(X) be the quotient of K 0 (X) by its p-power torsion subgroup. Note that the degree map factors through K(X). We view K(X) as a subgroup of Z[1/p] ⊗ K 0 (X). Then by Proposition 2.1, the element p kp · θ p (−T X ) belongs to K(X), and is congruent modulo p · K(X) to
By (6), since k ≥ 1, its degree has to be divisible by p. Using Proposition 3.1, (v) and (5), we see that deg w When the characteristic of the base field is p, the case p = 2 has been considered in [Ros08] , using the Frobenius map.
Torsion-free varieties, resolution of singularities
Torsion-free varieties. We say that a variety X is torsion-free if its Chow group is without torsion.
Example 5.1. A variety whose Chow motive splits as a sum of twisted Tate motives is torsion-free. In particular a cellular variety is torsion-free.
Remark 5.2. It follows from Proposition 3.1, (vi) , that when X is torsion-free, the group gr • K 0 (X) is also torsion-free, being isomorphic to CH • (X).
We will only apply Lemma 5.3 and Proposition 5.4 for p a prime integer, but this assumption is not required for these two statements.
Assume that the associated graded group gr • K is without torsion. Set K = ∪ i K i , and let x ∈ K n and y ∈ K be elements satisfying, for some non-zero integers p and m, the congruence
Then the image of x in Z/p ⊗ gr n K is zero.
Proof. Since gr • K is a torsion-free group, it follows that if y = 0, then x ∈ K n−1 , and its image in the n-th graded group is zero.
Hence we may assume y = 0. Let d be the integer such that y ∈ K d and y / ∈ K d−1 (such an integer certainly exists because y / ∈ ∩ i K i = 0). Assume d > n. Then mp · y ∈ K n ⊂ K d−1 , hence mp · y is zero in the torsion-free group gr d K, which is incompatible with the choice of the integer d. Hence d ≤ n and y ∈ K n . Using the fact that gr n K has no torsion, the assertion follows.
Proposition 5.4. Let X be a torsion-free variety, and p an integer. Let u k ∈ K 0 (X) (d−k(p−1)) for k = 0, · · · , d and assume that there is an element u −1 ∈ K 0 (X) such that
Proof. In view of Remark 5.2, the group gr • K 0 (X) is torsion-free. Therefore the group K 0 (X) has to be also torsion-free. We have for all k = 0, · · · , d a congruence,
We are in position to apply Lemma 5.3 above, with
Resolution of singularities. An alteration of an integral variety X is an integral variety X ′ with a projective generically finite morphism X ′ → X, and dim X ′ = dim X. The degree of the alteration X ′ is the degree of the extension of function fields F (X ′ )/F (X).
Definition 5.5. Given a prime integer p, we shall say that a field F admits p-resolution of singularities if every integral variety X over F admits a regular alteration of degree prime to p.
Remark 5.6. Ofer Gabber has proved that any field of characteristic not p admits p-resolution of singularities (see [Gab] ). We shall not explicitly use this result here.
We shall say that a variety X is generated by p-regular classes, when the group gr • K 0 (X) is generated by elements z, satisfying λ · z = f * [O Z ], for some (depending on z) integer λ prime to p, and some projective morphism f : Z → X, with Z a local complete intersection variety.
Example 5.7. Assume that a variety X is generated by p-regular classes. If π : E → X is a vector bundle, then E is also generated by p-regular classes. This is a consequence of the following statements:
-Assuming that π is of constant rank e, the pull-back π * : gr Lemma 85] ).
-Let Z → X be a projective morphism. If Z is a local complete intersection variety, then so is Z × X E.
We consider the following condition on a variety X over a field F and a prime integer p:
Condition 5.8. The variety X is generated by p-regular classes, and there is a field extension F of F such that the variety X := X × Spec(F ) Spec(F ) is torsion-free. We require additionally that X be generated by p-regular classes.
We now give two examples of varieties satisfying Condition 5.8.
Example 5.9. Let X be a split projective homogeneous variety under a semisimple algebraic group over an arbitrary field F . Set F = F . Then the Chow motive of the variety X = X splits as a sum of Tate motives by the results of [Köc91] , hence the variety X is torsion-free. The ring CH • (X) and gr • K 0 (X) are then isomorphic, and using the results of [Dem74] , we see that X is generated by p-regular classes, for any prime integer p.
Example 5.10. Let X be a projective homogeneous variety under a semi-simple algebraic group over a field F admitting p-resolution of singularities. Let F be an algebraic closure of F . Then X is generated by p-regular classes. By Example 5.9, the split projective homogeneous variety X is torsion-free, and X is generated by p-regular classes.
Adams operations and the topological filtration
When f : X → Y is a proper (resp. local complete intersection) morphism, we shall also write f * (resp. f * ) for the map id
Homological Adams operations. (See [Sou85, Théorème 7]) These are operations
In addition, ψ p :
These operations are constructed as follows. Let X be variety. We choose an embedding j : X ֒→ M in a regular variety M. Then we write K 0 X (M) for the Grothendieck group of bounded complexes of locally free O M -modules acyclic off X, modulo the subgroup generated by acyclic complexes. One can then construct a p-th Adams operation "with supports"
Note that while the construction of this operation is not completely immediate in general (see for example [GS87, Chapters 3 and 4]), the situation becomes considerably simpler over fields of characteristic p, thanks to the Frobenius morphism.
There is a cap product ∩ :
be the virtual tangent bundle of M, and set
Using the Riemann-Roch theorem for the Adams operation with supports, one can check that the value of ψ p (x) does not depend on the choices of j and M. See [Hau10, Proposition 2.8] for a detailed proof of the formula (7).
We now record a property of the homological Adams operation.
Lemma 6.1. Let X be a variety and x ∈ K 0 (X) (d) . Then we have
Proof. First, using the linearity of ψ p and its compatibility with push-forwards along closed embeddings, we reduce the question to the case x = [O X ], and X an integral variety of dimension d. Let s : S ֒→ X be the reduced closed subvariety of X, whose points are those y ∈ X such that the local ring O X,y is not a regular local ring. Let u : U → X be the open complementary subscheme -the scheme U is a regular variety. We have the localization sequence
. Therefore we can replace X by U, and assume that X is a regular variety.
In this situation, because of (7), we have
We conclude using the inclusion ker(v
, which follows from the localization sequence.
When resolution of singularities is available, one can make a more precise statement : a consequence of Theorem 6.2 below is that, for x ∈ K 0 (X) (d) , the element
Atiyah's decomposition. We now state and prove the algebraic analogue of [Ati66, Proposition 5.6].
Theorem 6.2. Let X be a variety and x ∈ K 0 (X) (d) . Assume that X is generated by p-regular classes. Then we may find elements
Moreover, one can choose x 0 so that x = x 0 mod K 0 (X) (d−1) .
Proof. The group K 0 (X) (d) is additively generated by the subgroup K 0 (X) (d−1) and elements z satisfying λ · z = f * [O Z ], for some local complete intersection ddimensional variety Z, some projective morphism f : Z → X, and some prime to p integer λ. Reasoning by induction on d, we see that it will be enough to prove the statement for elements x = z as above. We have, using (7) and Proposition 2.1
the element z k being a lifting of w
Using Lemma 6.1, we find an integer n ≥ d, and
Then we set
This proves the formula. Now we have
This proves the statement about the choice of x 0 .
Steenrod operations on reduced Chow groups
In this section X, F, F will be data satisfying Condition 5.8. We write Ch = Z/p ⊗ CH for the Chow group modulo p, and consider the reduced Chow group modulo p Ch(X) := im Ch(X) → Ch(X) , the image of the pull-back along the scalars extension morphism X → X. For an element y ∈ K 0 (X), we shall denote by y its image in K 0 (X). Similarly, we consider the group
We have a commutative diagram
There is an induced morphism Ch(X) → G(X), which is both injective, as a restriction of the isomorphism id Z/p ⊗ ϕ X (Remark 5.2), and surjective, because id Z/p ⊗ ϕ X is so (Proposition 3.1, (vi)).
We now construct operations G(X) → G(X). Let d be an integer and 
k is zero in this group, we see that the element x k has also image zero in
We have proven that the association x → x k induces an endomorphism of the group G(X) which lowers the degree by k(p − 1). Using the identification with reduced Chow groups modulo p obtained above, we get reduced Steenrod operations
We shall denote by S X = k S X k the total operation. We prove now some of the expected properties of this operation. 
(c) Assume that X × Y satisfies Condition 5.8. We have
Proof. These statements are consequences of the corresponding statements for the homological Adams operation and Proposition 3.1; in addition Proposition 2.1 and (7) are used to prove (b).
Proposition 7.2. Let X be a variety satisfying Condition 5.8. Then
Proof. This is a consequence of the last part of Theorem 6.2.
When the data X, F, F satisfy Condition 5.8, and additionally X is a local complete intersection variety, with virtual tangent bundle T X ∈ K 0 (X), we define the total cohomological reduced Steenrod operation by the formula S X = w CH,p (T X ) • S X . Its k-th individual component S Proof. Statement (f) follows from Proposition 7.1, (b), Statement (h) follows from Proposition 7.1, (c), and Statement (g) follows from Proposition 7.1, (a).
Concerning (e), compatibility with products follows from the combination of (f) and (h), and compatibility with unities follows from Proposition 7.2 applied with X = point, and (f).
Finally (i) follows from the fact that w CH,p 0 (T X ) = id, and Proposition 7.2.
Proposition 7.4. Let X be a smooth connected variety satisfying Condition 5.8, and x ∈ Ch q (X). Then S q X (x) = x p , and S k X (x) = 0 for k > q. Proof. Choose y ∈ K 0 (X) (dim X−q) representing x. Since X is a regular variety, there an element y ′ ∈ K 0 (X) satisfying y ′ · [O X ] = y, and we have
Assume that the statement holds when d < e, and take x ∈ K 0 (X) (e) . By Theorem 6.2, we find elements x k ∈ K 0 (X) ( Since x 0 − x ∈ K 0 (X) (e−1) , we know by induction hypothesis that there is a cycle c 0 ∈ Z (p) ⊗ CH 0 (X) whose degree is p [ 
